Dynamic hysteretic effects of magnetic materials are usually neglected in actuators modeling. In order to take into account these effects, we coupled a two-dimensional finite-element (FE) model in an original way with a magnetic equivalent circuit by using dynamic hysteretic flux tubes (DHFT). As an example of an application, we present the model of an ultrafast switched reluctance motor, in which the control of the power converter is of major importance, and where iron losses can reach critical values.
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I. INTRODUCTION

D
YNAMIC hysteresis behavior in a magnetic core is usually neglected in actuators modeling. In some cases, the time variations of the magnetic flux density inside the actuator may be very fast (i.e., high-speed machines, machine fed by an inverter, etc.). Thus, the magnetic losses increase [1] - [5] and the usual electric signals are deformed. This deformation has an effect on mechanical quantities (i.e., torque), and may result in poor speed or torque control. It is difficult to take into account the magnetic material (hysteresis, eddy-current) laws by using a "pure" two-dimensional finite-element (2-D FE) simulation, owing to the high computational cost (CPU time and memory). In this paper, we propose a hybrid method, where a dynamic hysteresis flux tubes network [6] , [7] is coupled to a 2-D FE simulation [8] . This method is an interesting alternative to classical FE methods for actuators modeling and industrial design, in that it allows to predict at a moderate cost the electric and magnetic quantities waveforms of a system composed by an actuator and its dedicated inverter. The 2-D FE method is used to describe the flux density distribution in strong gradients areas (notably in proximity of air gaps) where high precision is needed, whereas the flux tubes are used to describe the complex hysteretic magnetic phenomena (static and dynamic) inside the different magnetic parts of the actuator. The high permeability of the materials allows to approximate the detailed geometry of these tubes by a simple magnetic circuit (i.e., the leakage field outside the actuator is neglected). As an example of an application, we present an ultrahigh-speed double saliency switched reluctance motor (SRM) drive [9] , [10] designed by the Laboratoire de genie industriel et productique de Metz (LGIPM). This SRM is a three-phase machine including six stator poles and two rotor poles (SRM 6/2). The nominal features of this machine are 200 000 rpm and 1 kW on the mechanical shaft. This machine is dedicated for high-speed applications, for the following reasons: -the rotor dissipation is reduced; -the high torque-to-weight and power-to-weight ratios; -the winding and the power electronics converter are simplified. The paper is organized as follows. First, the dynamic hysteretic flux tubes (DHFT) and the FE model are described. The coupling between these two models is presented in the next section; the inverter and the mechanical behavior of the system are taken into account as well. Finally, the main results are presented.
II. DYNAMIC HYSTERETIC FLUX TUBES
Let us consider a conductive magnetic core, with a constant cross section and a mean length , excited by a coil of turns where a current is circulating. The dynamic hysteresis includes two main phenomena: -macroscopic eddy currents; -dynamic behavior due to wall motion. In the dynamic hysteretic flux tube method, this core is modeled by an insulating lossless core, and a fictitious secondary coil of turns linked to a resistance (Fig. 1) . The model postulates [4] the equivalence between the two dynamic effects, and the magnetomotive force localized in the fictitious secondary coil.
By applying Ampere's law to the insulated core, one obtains (1) is the magnetic excitation field. If the field is homogeneous in the core, one may write is the induced current in the fictitious coil (3) is the instantaneous flux in the core cross section. Thus, the governing equation representing the evolution of the state of the core is (4) where . The second term globally represents the dynamic effects inside the core. Neither the number of turns, of the fictitious coil nor the value of the resistance can be evaluated separately. Only the term can be identified by comparing with a measured dynamic hysteresis loop with a simulated one. The function returns the magnetic excitation field for a given value of , by taking into account the magnetization history. Indeed, is a static hysteresis model, which allows to describe nonsymmetrical minor loops. When the primary coil is supplied by a voltage source with a resistor in series, the electric equation is (5) By replacing the term by its value given by (4), it becomes (6) Thus, the model of a magnetic core fed by a voltage source can be represented by the diagram in Fig. 2 .
The result is a description in the time domain of the magnetomotive force as a function of the derivative of the flux applied to a flux tube element. Several dynamic flux tubes can be linked to form an equivalent magnetic circuit.
III. FINITE-ELEMENT MODEL
As only a few parts of the magnetic circuit are meshed, the dynamic behavior of the material inside the FE domain may be neglected. Thus, a classical 2-D magnetostatic formulation [11] is used: is the source current density, and is the magnetic vector potential. However, as only part of the actuator is actually meshed, special boundary conditions must be imposed in order to ensure the coupling with the flux tubes network.
IV. COUPLING OF THE DIFFERENT MODELS
For the sake of simplicity, the geometry of the actuator taken as an example is represented in Fig. 3 . The SRM has six stator teeth, two rotor teeth, and consequently three phases. Fig. 4 shows a representation of the linkage of the FE model with the DHFT model. As anticipated in the introduction, the FE model provides a fine representation of the region surrounding the air gap, whereas the DHFT model is used for the stator and the rotor. Remark that the FE domain has to be meshed at each time step, owing to the motion of the rotor.
A. Coupling FE and Flux Tubes
Assume that one coil of the actuator is fed by a voltage source, and that the value of the voltage across this coil is known at any time. The linked flux can be obtained by integrating this voltage:
, where is the number of turns of the coil. The coupling between this coil and the FE domain is implemented by imposing that: 1) the flux density is perpendicular to the tooth cross section at the boundary of the FE domain; 2) the flux is conserved. The first condition is imposed by using homogeneous Neumann conditions at the cross section of the tooth, and two different nonhomogeneous Dirichlet conditions on the left side and right side of the tooth (see Fig. 5 ). The flux conservation is imposed at any time by setting the difference between and , that is where is the depth of the system [11] . Fig. 6 represents an example of FE computation, together with the proper boundary conditions. The Neumann conditions, imposed onto the boundaries which correspond to tooth, may be considered as "flux gates" [12] , [13] . On the other hand, the Dirichlet boundary conditions can be considered as "flux walls." One observes that the vector potential of one of these flux walls may be arbitrarily set to zero, in that only the difference between two potential is physically meaningful.
One wonders how to choose the extension of the FE domain, in order to obtain reliable and accurate results-that is, which part of the actuator really needs to be accurately represented through a FE model. Indeed, we have checked that the results are stable over a large range of the width of the FE domain; in particular, the magnetostatic energy in the air gap does not depend upon the extension of the FE domain (more details will be given in a future paper).
Let be the topology matrix, that is: when the flux through the th branch enter (exit) into the th node, or 0 otherwise (the orientation of each branch can be chosen arbitrarily). The law of the flux conservation in each node can be written using the matrix formalism as , where the vector contains the flux through all the tubes. The vector can be separated into two distinct parts:
, where contains the flux through the branches linked to the FE model (flux gates), and contains the fluxes in the stator head. The flux conservation can be expressed by (8) Thus, can be easily deduced from by using (8) . When all the fluxes are known, the differences of magnetic potential of each flux tube are then also known by using (4). The difference of magnetic potential in the FE domain is calculated through the equation (9) where is the electromagnetic energy inside the FE domain, is the imposed flux, and is the mechanical position of the rotor. All these differences of magnetic potential will be useful for the coupling of this hybrid model with the electric circuit equations.
B. Coupling With an Electrical Circuit
As it can be seen in Fig. 2 , the model needs the total magnetomotive force due to the flux, and its derivative. Indeed, this magnetomotive force comes from Ampere's law (10) The magnetomotive difference of potential given by the FE domain and some others given by the stator head and teeth (stator and rotor) flux tubes are summed in order to give the total magnetomotive force created by the phase flux imposed to the system (Fig. 7) . This total magnetomotive force is then multiplied by the gain and returned to the electric circuit ( is the value of the phase resistance, and is the number of turns of the coil). Thus, the model can be fed by any voltage source and/or inverter.
C. Validation on a Simple Test Device
In order to test the validity of the coupling, a dedicated device [8] has been constructed. This device is a U core where an air gap is present like that shown in Fig. 8 .
The hysteresis loop present in the material of the device is measured using a sensor coil and a gaussmeter and compared with the one obtained by simulation.
The measured and simulated hysteresis loops are in a good agreement that allows predicting iron losses Fig. 9 . 
D. Modeling of a Simplified Inverter
Usually, the inverter dedicated to this type of machine is an asymmetrical half bridge (Fig. 10 ), because the current is unidirectional. Also, this inverter uses a current and position control law: a coil of the SRM must be fed while the rotor is between two distinct positions, and the current should not exceed a certain value to avoid overheating-or, at worst, destroying the coil. Thus, between two distinct rotor positions, the coil is supplied with a switching current regulation. With this type of inverter, there are only three values of voltages applied to a coil: 
E. Mechanical Coupling
The mechanical magnitudes of acceleration, speed, position, and torque has been simulated by using the virtual works method: (11) (12) where is the electromagnetic torque, is the load torque, is the moment of inertia, is the viscous rubbing coefficient, is the angular speed, and is the initial rotor position. It is worth remarking that by using this description of the system, three physical domains (mechanic, electric, and magnetic) are strongly coupled.
V. RESULTS
The model has been implemented by using the software MATLAB/SIMULINK, with the partial derivative equations (PDE) toolbox to simulate the 2-D FE domain. First, some results (voltages, currents, and torque) obtained by the model are be compared to those computed with the FE software FLUX2D in the magneto evolutionary mode-in this case all the geometry is meshed, in that at present time no measurements on the real device are available. Then, the flux density versus the excitation field in one tooth is presented for transient and steady-state operation.
A. Integral Magnitudes for Transient and Steady States
The results presented here have been obtained for an initial speed of 5000 rpm and 25 000 rpm at no-load conditions.
One observes (Fig. 11 ) that the currents computed by both our model and FLUX2D are very similar at the beginning of the simulation. Conversely, when the current starts to decrease, the currents computed by our model vanish after those computed by FLUX2D. One may argue that this discrepancy between the computations is due to the different material model implemented in FLUX2D. This discrepancy has an effect on the computed torque ( Fig. 12) : indeed, as a consequence of the currents' delay, the time interval where the torque is negative is longer in the case of our model. Fig. 11 clearly shows that the machine is accelerating. This shows that the model can handle transient states very easily. Fig. 11 also shows that at the beginning of the simulation the results obtained with our model and FLUX2D are very close. Conversely, at the end of the simulation the speed computed by our hybrid model is lower than the one obtained with FLUX2D. This is related to the discrepancy observed for the negative part of the torque. For the same conditions of power supply and the same parameters of the control law, the machine stops accelerating when the speed is about 25 000 rpm; as a consequence, the currents' waveforms change.
It can be observed (Fig. 14) that the dynamic behavior of the magnetic material clearly influences the currents' waveforms. As the speed is increasing, the eddy currents become more and more important and the behavior of the material is far from reversible operation. The influence of these electric waveforms The differences between the results obtained with our model and those obtained with FLUX2D can be explained by the same arguments. The material behavior lowers the theoretical performances obtained with the initial control law. A modified control law could allow obtaining a better mechanical behavior.
B. Local Quantities Useful for Loss Prediction
As the model describes the dynamic behavior of the magnetic parts of the machine, we are able to know flux density versus excitation field loops for both tests seen before. We have plotted the mean flux density versus the mean excitation field loop inside the tooth stator (Fig. 17) and in the yoke (Fig. 18) .
It can be observed that for rpm, the flux density inside the tooth becomes very saturated. Moreover, some minor loops can be observed; these loops are a consequence of the current regulation. Conversely, for rpm the current never exceeds the (maximum) limit, so no minor loops are observed, and the flux density inside the tooth is lower than in the former case ( rpm). 
C. Power Balance
When the simulation is finished, a power balance can be done. Fig. 19 shows a power balance with respect to the mechanical speed at no-load conditions. The terms "Pmean," "P-c," "P-iron," and "P-mec" denote the mean electric power, the copper losses, the iron losses, and the mechanical losses, respectively. The suffixes "meas" and "sim" denote measured and simulated, respectively. The results given by the simulation are in good agreement with those that are measured. Fig. 19 clearly shows that when the mechanical speed exceeds 25 000 rpm, the iron losses exceed the copper losses. This shows that for some kind of actuators (high-speed ones) the iron losses cannot be neglected. Then, dedicated models with a low computation time have to be created in order to take these considerations into account.
VI. CONCLUSION
A 2-D FE model has been coupled to a magnetic equivalent circuit made with dynamic hysteretic flux tubes. This model can be fed by a simplified inverter to simulate the whole system, both in transient and harmonic regime. The results have shown that, at low frequencies, the electric, magnetic, and mechanic quantities computed by our model are very close to those obtained by the commercial software FLUX2D. When the frequency of the supply increases, the magnetic material behavior has more and more influence on all the quantities; this fact justifies the introduction of material laws into the simulation model. The model can also predict the hysteresis loops in every flux tube, for any kind of supply.
Future developments of this model could allow predicting the iron losses with the model. For this first approach, the 35 000 rpm speed corresponds to the higher limit for the assumptions of the dynamic global flux tube model [4] : a more accurate description including dynamic hysteretic diffusion of the magnetic field [14] , [15] has to be found for higher frequencies. This model would possibly allow studying accurately the control law, in order to maximize mean torque on the mechanical shaft.
